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Abstract
In this paper, we prove that any edge-coloring critical graph G with maximum degree ¿
(11 +
√
49− 24)=2, where 6 1, has the size at least 3(|V (G)| − ) + 1 if 6 7 or if ¿ 8
and |V (G)|¿ 2− − 4− (+6)=(− 6), where  is the minimum degree of G. It generalizes
a result of Sanders and Zhao.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
All graphs considered are simple and undirected. Let G be a graph with vertex set
V (G) and edge set E(G). If v∈V (G), then its neighbor NG(v) and its degree d(v)
are the set and number of the vertices in G adjacent to v, respectively. We denote the
maximum (minimum) degree of G by <(G)((G)) or simply by <(). A vertex v of
G is major if d(v) = . Let nj be the number of vertices of degree j in G. The edge
chromatic number ′(G) is the minimum number of colors needed to color the edges
of G in such a way that no two adjacent edges are assigned the same color. Vizing’s
theorem states that for any graph G, ′(G) =  or + 1. A graph G is said to be of
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class one if ′(G) = , and of class two if ′(G) = + 1. A graph G is critical if G
is connected, and of class two and ′(G− e)¡′(G) for any edge e of G. If a graph
G with maximum degree  is crucial, we say that G is -critical.
Vizing [4] conjectured that every -critical graph of order n has at least (n−n+3)=2
edges. Some results about the conjecture were obtained, in [1,2,5,6].
In this paper, by using Vizing’s Adjacency Lemma, we prove the following theorem:
Theorem. Any edge-coloring critical graph G with maximum degree ¿ (11 +√
49− 24)=2, where 6 1, has the size at least 3(|V (G)| − ) + 1 if 6 7 or
if ¿ 8 and |V (G)|¿ 2− − 4− (+ 6)=(− 6), where  is the minimum degree
of G.
This paper is also motivated by a result of Sanders and Zhao. Sanders and Zhao
proved the following theorem:
Theorem (Sanders and Zhao [3]). Any graph G with maximum degree ¿ (11 +√
49− 24(∑))=2, which is embeddable in a surface ∑ of characteristic (∑)6 1
and satis4es |V (G)|¿ 2(− 5)− 2√6 + , is of class one.
In fact (2−13)(−+2)=(−6)+((2−15)2−49)=4(−6)=2−−4− (+
6)=(− 6) if  = 6. We use the former in the proof of our theorem for convenience.
When ¿ 8, 2(− 5)− 2√6 + ¿ 2− − 4− (+ 6)=(− 6), with the equation
holding only when
√
+ 6 =  − 6. So our result generalizes the above Theorem
because of the fact that any graph G embeddable in a surface
∑
of characteristic 
has at most 3(|V (G)| − ) edges.
2. Proof of the main result
To prove our result, we will make use of the famous lemma, which can be found
in many books ([1,6], etc.).
Lemma (Vizing’s adjacency lemma). Let G be a -critical graph and let v, w be
adjacent vertices of G with d(v) = k. Then
(a) if k ¡, then w is adjacent to at least − k + 1 major vertices;
(b) if k = , then w is adjacent to at least two major vertices;
(c) G contains at least − + 2 major vertices.
Proof of the theorem. Assume, on the contrary, that there exists a critical graph G
with maximum degree ¿ (11 +
√
49− 24)=2, where 6 1, and of order n¿ (2−
13)(− +2)=(− 6)+ ((2− 15)2− 49)=4(− 6) such that |E(G)|6 3(n− ). Then
we have
2|E(G)|= 2n2 + 3n3 + · · ·+ n6 6(n2 + n3 + · · ·+ n − );
∑
i=7
(i − 6)ni6 4n2 + 3n3 + 2n4 + n5 − 6: (1)
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Now we consider the following cases:
Case 1: 6 5.
Let n(i2; i3; : : : ; i−1) be the number of vertices of degree  which have i2 neighbors
of degree 2, i3 of degree 3; : : : ; i−1 of degree −1. Since G is -critical, by counting
the number of edges with one end of degree j and the other end of degree , we have
2nj6
∑
(S)
ijn(i2; i3; : : : ; i−1)
for any j = 2; 3; : : : ; − 1, where (S) is over all − 2-tuples (i2; i3; : : : ; i−1). By the
proof of Yap [5] (also referring to the [6, Theorem 7.1, 50 pp.]), the inequality was
improved for j = 3; 4 as follows. For j = 3, let r be the number of vertices of degree
3 each of which is adjacent to exactly one vertex of degree − 1,
3(n3 − r) + 2r6
∑
(S)
i3n(i2; i3; : : : ; i−1):
For j = 4, let s be the number of vertices of degree 4 each of which is adjacent to
exactly one vertex of degree −2, t the number of vertices of degree 4 each of which
is adjacent to just one vertex of degree − 1, and u the number of vertices of degree
4 each of which is adjacent to two vertices of degree − 1.
4(n4 − s− t − u) + 3s+ 3t + 2u6
∑
(S)
i4n(i2; i3; : : : ; i−1):
Thus we have
2n2 +
3(n3 − r) + 2r
2
+
4(n4 − s− t − u) + 3s+ 3t + 2u
3
+
−1∑
i=5
2ni
i − 1
6
−1∑
j=2
∑
(S)
ijn(i2; i3; : : : ; i−1)
j − 1
=
∑
(S)
n(i2; : : : ; i−1)
−1∑
j=2
ij
j − 1
6
∑
(S)
n(i2; : : : ; i−1)
−1∑
j=2
ij
q− 1 ;
where q is the minimum index of all nonzero elements in (i2; i3; : : : ; i−1). By Lemma
(VAL), i2 + i3 + · · ·+ i−16 q− 1, So we have
n¿ 2n2 +
3n3 − r
2
+
4n4 − s− t − 2u
3
+
−1∑
i=5
2ni
i − 1 (2)
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and
(− 7)n−1 + 2n¿ 4n2 + 3n3 + 2n4 + n5 + 2(n4 − s− t)=3 + (n−1 − r − u)
+{n7=3− u=3 + (− 8)n−1}+
−1∑
i=6
ni=
¿ 4n2 + 3n3 + 2n4 + n5 +
−1∑
i=6
ni=:
So
∑
i=7
(i − 6)ni¿ 4n2 + 3n3 + 2n4 + n5 +
−1∑
i=6
ni=+ (− 8)n: (3)
Combining (1) and (3), we have
−1∑
i=6
ni=+ (− 8)n6− 6: (4)
But n¿− 3 if 6 5 by lemma, hence
(− 8)n¿ (− 8)(− 3)¿− 6;
a contradiction to (4).
Case 2: = 6; 7, then n¿− 5 by lemma. Hence
(− 6)n¿ (− 6)(− 5)¿− 6; (5)
a contradiction to (1).
Case 3: ¿ 8, we assume that  −  + 26 n6 − 6 by (5) and lemma. Let
n = − 6− k, where 06 k6 − 8, then,
∑
i=
(i − 6)ni =
−1∑
i=
(i − 6)ni + (− 6)n
¿ (− 6)(n− + 6 + k) + (− 6)(− 6− k)
= (− 6)(n− + − 2− + 2 + 6 + k)
+(− 6)(− + 2 + − 2− 6− k)
= (− 6)(n− + − 2) + (− 6)(k − + 8)
+(− 6)(− + 2) + (− 6)(− k − 8)
¿ (− 6)(n− + − 2) + (− 6)(− + 2)
= (− 6)n+ (− + 2)(− )
¿ (2− 13)(− + 2) + (2− 15)
2 − 49
4
+ (− + 2)(− )
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= (− + 2)(+ − 13) + (2− 15)
2 − 49
4
¿−6;
a contradiction to (1). This completes the proof.
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